In this paper, we show that the ability to switch globally between two 2-local Hamiltonians on n qubits is sufficient for achieving universal unitary dynamics on those n qubits. Of the two Hamiltonians used in the construction, one is comprised of nearest-neighbour two-qubit interactions on a one-dimensional chain, the other is comprised of single-qubit interactions. We describe a scheme for choosing the switching times in order to generate arbitrary one-and two-qubit gates on the n qubits. However the switching scheme is inefficient, and we leave as an open problem the question of whether the universality of the Hamiltonians can be exploited in an efficient way.
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I. INTRODUCTION
A fundamental question in quantum information science is what type of control on a many-qubit system is needed in order to efficiently and reliably achieve universal quantum dynamics. Across the wide range of proposals for physically realizing a quantum computer, many different control schemes have been envisaged (a handful of such include [1, 2, 3, 4, 5, 6, 7, 8] ). A typical requirement is that one-and two-qubit interactions be controlled dynamically and independently on the various qubits in the system, thus directly enabling a universal set of oneand two-qubit gates on any subset of the qubits.
By comparison, the situation we are concerned with limits the available control of an n-qubit system to just two degrees of freedom. We imagine that the total system Hamiltonian H tot is comprised of two n-qubit terms H 1 and H 2 which remain constant over time, apart from the overall strength of each which can be varied over time and independently to the other:
(We will only consider control functions h 1 (t) and h 2 (t) which are nonnegative-valued). We show that this system is sufficient to generate universal unitary dynamics on the n qubits, even when H 1 and H 2 have a form that is physically plausible: H 1 consists of single-qubit interactions, and H 2 consists of nearest-neighbour two-qubit interactions along a line. A control scheme conforming to Eq. (1) has the appealing feature that the functions h 1 (t) and h 2 (t) can always be transformed in a way that leaves the first one constant, yet such that the resulting unitary dynamics are the same as the original (or approximately the same, in the case where h 1 (t) has zeros). That is, a system having a "constant + drift" Hamiltonian
(2) * Electronic address: Charles.Hill@liverpool.ac.uk is essentially equivalent to a system governed by Eq. (1). Understanding systems which achieve universal quantum dynamics via the control of a single global parameter can be valuable in theoretical applications 1 . Practical applications may provide further motivation for understanding such systems. A control scheme of the type presented in this paper is one that could conceivably be implemented by varying a single field across a many-body system, and so in this sense may constitute less demanding physical requirements compared with traditional schemes that directly control each individual qubit.
There is a range of previous work which relates to generating universal quantum dynamics on many qubits when the control is limited to a few degrees of freedom. The results in [10, 11, 12] show that almost any randomly selected pair of n-qubit Hamiltonians H 1 and H 2 generates universal quantum dynamics. However, such randomly generated Hamiltonians will generally contain unphysical many-body terms; and it is also difficult to derive appropriate control functions. Lloyd et al. [13] showed that varying a single-qubit Hamiltonian term can in principle generate universal dynamics in a many-body system, although a method to construct control functions was not given. In [9] specific examples of Hamiltonians H 1 and H 2 are given that yield simple and efficient control functions for generating standard quantum gates ; although these Hamiltonians also contain unphysical many-body terms. Benjamin [14] has described an ingenious scheme for quantum computation which involves switching globally between four physically-realistic Hamiltonians. Control functions for that scheme are relatively simple and efficient. Fitzsimons and Twamley [16] have a simple and efficient scheme for quantum computing utilizing two physically-realistic global Hamiltonians plus the ability to individually address two particular qubits. Quantum cellular automata [15] provide another approach to simple-control universal quantum computing, where one step in the computation consists of a series of four-qubit unitaries applied in a translationally-invariant fashion on a grid.
Our paper is organised as follows: Section II defines the two 2-local Hamiltonians H 1 and H 2 , and sketches a proof of their universality. Section III describes a constructive method for choosing the switching times between H 1 and H 2 in order to generate standard quantum gates. Conclusions are drawn in Section IV.
II. THE TWO HAMILTONIANS
In this section we define two n-qubit 2-local 2 Hamiltonians H 1 and H 2 that are universal for quantum computation. That is, we show that for any n-qubit unitary U , we may achieve the evolution of U to arbitrary accuracy by alternatively evolving the Hamiltonians H 1 and H 2 for some appropriate choice of times t 1 , t 2 , t 3 , . . . , i.e.:
(Comparing with Eq. (1), we are effectively limiting ourselves to control functions that obey h 1 (t)h 2 (t) = 0 for all times t).
Universality has been considered for several years in the context of quantum computing. To show that our choice of Hamiltonians are universal, we will show that they can generate a universal gate set. There are several well known universal gate sets; we will generate the set consisting of the Hadamard, "π/8", and controlled-not gates (denoted H, T , and cnot), where
and where X and Z are the Pauli operators X = |0 1| + |1 0| and Z = |0 0| − |1 1|. Consider the Hamiltonian
where X m and Z m denote the operators X and Z acting on the m-th qubit. Evolving this Hamiltonian for t = π/2 (or more generally t = π/2 + kπ for any k ∈ Z) will implement a Hadamard on every qubit,
whereas evolving the Hamiltonian for t = kπ, k ∈ Z, will instead implement the identity on every qubit,
2 A Hamiltonian is 2-local if it can be expressed as a sum of terms that each act on at most two bodies. Interactions which are not 2-local tend to be very difficult to construct in nature. Now, we require the ability to apply a Hadamard selectively to a qubit of our choice. To do this we alter Eq. (8) so that the terms that act on each qubit are given different (but fixed) relative strengths to one another:
The coefficients a m should be chosen to be incommensurate with each other; that is no pair of a m should have a ratio that is a rational number. For example, we could choose a 1 = 1, a 2 = √ 5, a 3 = e, and so on. This allows us to isolate a particular term. As H 1 evolves over time, the overall evolution on each qubit becomes equal to I or H alternatively at points in time separated by π/2/a m . Since this period is different for each qubit, one simply has to wait long enough for a coincidence to occur, whereby the desired qubit has evolved by approximately H and the other qubits have evolved by approximately I. That is, there exists times t 1 , t 2 , . . . such that
and so on.
The longer one is prepared to wait, the better the "coincidences" that will be found, and thus more accurate gates will result. In other words, choosing irrational coefficients guarantees the the space of n single-qubit rotations about the (X + Z)-axis is densely filled by the trajectory of e −iH1t . The second Hamiltonian H 2 is chosen as follows,
where the coefficients b m and c m are incommensurate with one another. Note that like Eq. (9), all terms in Eq. (13) commute with one another. The arguments used above can again be used to show that evolving H 2 for some appropriate times t 
and evolving for some appropriate times t 
The operator e −i π 4 Z⊗Z when combined with the H and T gates yields the controlled-not gate:
We have therefore shown it is possible to perform a universal gate set using only the Hamiltonians H 1 and H 2 , although it is not clear whether this universality can be exploited in a time-efficient way.
III. A SIMPLE METHOD FOR CHOOSING COEFFICIENTS
The previous section argues the existence of evolution times t 1 , t 2 , t 3 , . . . , for H 1 and H 2 that yield good approximations to gates in a universal set. However no constructive method was given for predicting the values of these times. In this section we give an example of a method for choosing the coefficients a m , b m and c m in such a way that the appropriate evolution times have a simple, predicable form.
The coefficients a m are chosen to to have particular binary expansions, such as follows:
That is, each successive a j is some power-of-two factor (in this case 2 4 = 16) smaller. After H 1 has evolved for t = π/2, the result will be a H gate applied to the first qubit, and approximately the identity applied to every other qubit. After t = 8π, the identity will have been applied to the first qubit exactly, since e ±i8π = 1. The second qubit will have had an H gate applied exactly, and approximately the identity will have been applied to the remaining qubits. Similarly, after t = 128π, the first and second qubits will have performed the identity exactly. The third qubit will have undergone a H gate exactly. Likewise, in general an evolution time t = 16 m π/2 will yield the H gate applied to qubit m. Parameters b m and c m can be chosen in a similar way. Higher accuracy will be yielded by replacing the value 16 throughout by some larger power of two.
The method gives us a constructive way of choosing the coefficients and switching times of H 1 and H 2 in a way that allows us to achieve a useful gate set. However, it is manifestly inefficient, requiring a time that scales exponentially with number of qubits, and requires the ability to engineer the strengths of each term to an exponential accuracy. It is open question if it is possible to find a constructive method of choosing the coefficients and switching times of H 1 and H 2 that yields an efficient protocol.
Even an inefficient version of the scheme might be worth implementing in certain circumstances. One could imagine a quantum computer which is divided into blocks each containing a fixed number of qubits n, where nearest blocks overlap by one qubit. The universal dynamics on each block could be achieved using the scheme described above. If the block size remains fixed as the size of the quantum computer scales up, then the complexity of the scheme will also scale efficiently. This would be worth doing in circumstances where the disadvantages of increased time-complexity of applying the scheme to each n-qubit block are outweighed by the benifits of having just two control degrees of freedom per block.
IV. OPEN PROBLEM AND CONCLUSION
We have identified a simple set of controls that generate universal quantum dynamics. Our controls consist of just two physically realistic 2-local Hamiltonians. We showed that these two Hamiltonians can implement a universal gate set, and we gave a simple (although inefficient) method for choosing coefficients and switching times. It remains an open question whether it is possible to utilize such a simple set of universal controls it a way that is efficient and noise-tolerant.
